where Tr S [χ] and Tr B [χ] are null operators on the bath and system Hilbert spaces, respectively. We call χ(τ ) the correlation operator or simply the correlation in the sequel. It includes all kinds of correlations, whether classical or quantum mechanical. The latter, in the form of entanglement, discord, or other more complex types, have a rich and resourceful nature in physics, e.g., in energy fluctuations of thermodynamical systems 18 and in quantum information tasks 19-21 . To define our correlation picture, we introduce an operation E χ which transforms the uncorrelated state S (τ ) ⊗ B (τ ) to the correlated state SB (τ ). We call the opposite operation relating the correlated state to the uncorrelated one as decorrelating. These are interesting operations, which also appear in the context of quantum statistical physics, where they are dubbed the quantum Boltzmann map and relate to the Stosszahlansatz 22 . Decorrelating transformations have already been investigated in the literature 23 , and it is known arXiv:1903.03861v1 [quant-ph]
The recent rise in high-fidelity quantum technological devices has necessitated detailed understanding of open quantum systems and how their environment influences their performance 1,2 . However, it has remained unresolved how to include explicitly known correlations between a system and its environment in the dynamical evolution. In the standard weak-coupling (Born-Markov) regime, the explicit dependence of the dynamics on correlations are neglected 3, 4 . Beyond this regime, more general equations have been obtained [5] [6] [7] , yet without explicit dependence on correlations. Here, we propose a correlation picture which allows to derive an exact dynamical equation with system-environment correlations included. We show that systematic approximations to this equation yield conveniently solvable master equations. Our formalism provides a powerful approach to describe open systems and may give new insight in fundamental processes such as thermalization.
The description of the joint evolution of a quantum system and its environment, or bath, through the unitary evolution given by the Schrödinger equation is hampered by the large dimensionality of the Hilbert space of the bath. Although there already exists a plethora of approximate methods [3] [4] [5] [6] [7] [8] [9] for obtaining dynamics of an open quantum system by a closed set of equations, these approaches in general do not incorporate correlations between the system and its environment. Despite previous attempts to prove the existence of universally valid time-local Lindblad-like master equations for general dynamics [10] [11] [12] [13] , a microscopic derivation which incorporates correlations within the dynamics has been missing. Whether a time-local master equation exists that can generally describe dynamics of systems with correlations is still an open question 14 . Here, we resolve this issue and present a derivation of a universal Lindblad-like (ULL) equation which is time-local and valid for any quantum dynamics. The ULL form is derived without approximations and it is valid also when the system is initially correlated with the bath. We study the behavior of the ULL equation under chosen approximations and are able to derive conveniently solvable master equations which almost accurately reproduce the exact dynamics in the corresponding parameter regimes. In particular, in the vicinity of time instants where the correlations become negligible, the ULL equation reduces to a Markovian Lindblad-like (MLL) master equation, in which the jump rates are positive.
We prove that this equation correctly characterizes the universal quadratic short-time behavior of the system dynamics 15 , in contrast to the standard Lindblad equation which gives a purely linear behavior in short times 16, 17 . In addition, we demonstrate that our MLL equation, which does not utilize the secular approximation, may in some cases even faithfully describe the long-time behavior of the system. This MLL equation thus constitutes a useful framework for studying openquantum-system dynamics beyond the weak-coupling regime.
At the heart of our derivation of the ULL master equation is the introduction of a correlation picture, through which we relate any correlated state of a composite system in the Schrödinger picture to an uncorrelated description of that system. As we elaborate in the following, this picture is inherently different from the Heisenberg and interaction pictures. To introduce the correlation picture we start with a transformation which relates the description of the system in the correlation picture to its state in the Schrödinger picture.
Correlating transformations.-Any given system-bath state at an arbitrary instant of time SB (τ ) can be decomposed in terms of an uncorrelated part, given by the tensor product of the instantaneous reduced states of the subsystems S (τ ) = Tr B [ SB (τ )] and B (τ ) = Tr S [ SB (τ )], and the remainder χ(τ ) which carries all correlations within the total state, [see equation (7) ] constructed from H SB , the generator of the total system dynamics in the Schrödinger picture. that a universal decorrelating machine would violate linearity of quantum mechanics 24 . Our correlating transformation, indeed, is not universal, i.e., E χ depends on the states. To gain insight on how to find E χ , consider, e.g., a given entangling 25 gate described by the unitary transformation U χ = e −isHχ , with a relatively small parameter s. This results in a weakly correlated state SB = S ⊗ B + sχ. We refer to the dimensionless operator H χ as the correlation generator. In the limit
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; and thus χ obeys the equation
Rather than regarding the correlation χ as a function of the input product state S ⊗ B , we seek to find the generator H χ satisfying equation (2) with given S ⊗ B and χ. Although for any given pair of quantum states 1 and 2 , it is possible to find a quantum map or channel E such that E[ 1 ] = 2 26 , such a map does not necessarily have a unitary representation, and hence equation (2) does not generally have a Hermitian solution for H χ . We thus relax the above Hermiticity constraint on H χ and since the left side of equation (2) is Hermitian, to ensure Hermiticity of the right side, with a non-Hermitian H χ , we introduce a generalized commutator [[A, B]] = AB − B † A †27 and replace equation (2) with
Fortunately, this equation has always a solution for H χ under the condition that P 0 (τ )χ(τ )P 0 (τ ) = 0, where P 0 (τ ) is the projector onto the null-space of S (τ ) ⊗ B (τ ) 28 . In the Methods section, we prove that this condition is always satisfied and we provide the solution for H χ . Using equation (3) we define our correlating transformation E χ as
Note that the uncorrelated state S ⊗ B is not necessarily the real description of the total system (because in general χ = 0); rather, we take this state as the description of the total system in the correlation picture. In order to keep the dynamics of the state in this picture faithful to the Schrödinger equation, we need to devise an appropriate formulation. Figure 1 depicts a sketch of the correlating transformation and the emerging correlation picture, which is explained below.
Correlation picture dynamics and derivation of a canonical Lindblad-like form for general dynamics.-We aim to apply our correlation picture transformation between the correlated and uncorrelated states, SB and S ⊗ B , respectively, to obtain a dynamical equation for S . Our approach can be considered in the spirit of the derivation of the Nakajima-Zwanzing equation 5, 6 . But rather than applying a decorrelating projector to omit system-bath correlations, by employing our correlating transformation within the Schrödinger equation of the total system, we shall explicitly retain contributions to the system dynamics from the correlations in the total system. Let us assume that the total Hamiltonian of the system and the bath is given by H SB = H S + H B + H I , where the last term denotes the system-bath interaction. We employ the correlating transformation (4) 
Although the dynamics described by D c utilizing the correlation picture is fully equivalent to the Schrödinger picture dynamics governed by D s , working in this suitable picture has its advantages. As we show below, working in the correlation picture, in addition to leading to an exact ULL, offers more convenient ways to incorporate correlations and to apply related approximations. From equation (6) we can readily obtain the dynamics of the subsystem by tracing out over the bath in˙ SB 
. This leads to an exact Lindblad-like master equation for the system,
The Lamb-shift-like Hamiltonian h χ L , the quasi-rates γ χ m which are not necessarily positive, and the jump operators L χ m are obtained from the diagonalization of the Hermitian and anti-Hermitian parts of a covariance matrix c of the bath operators. Here, unlike in the standard Lindblad equation, these bath operators are obtained not only from the interaction Hamiltonian but also from the correlation generator H χ defined in equation (3), yielding the covariance matrix c as
where 
Since L χ depends on the state of the system, equation (7) is formally a nonlinear equation. Indeed, the linearity constraint on the full dynamics of quantum systems does not imply a similar restriction on the dynamics of a subsystem. Nevertheless, we show in the Supplementary Information that our ULL master equation (7) is linear in two important cases: (i) if there is no initial correlation, i.e., χ(0) = 0, where we show χ(τ ) can be explicitly expressed in terms of the system-bath S , but here the initial total state may be correlated.
To illustrate universality of the dynamical equation (7), even in the presence of initial system-bath correlations, we begin with a proof-of-principle example, the well-known exactly solvable Jaynes-Cummings model 29 , and show that the dynamics of the two-level system is given by the ULL equation even though it is correlated with the cavity mode. Jaynes-Cummings model.-Consider a two-level atom interacting with a single-mode cavity under the Jaynes-Cummings Hamiltonian. The atom Hamiltonian is H S = (ω 0 /2)σ z , where σ ± = (σ x ± iσ y )/2 and σ x , σ y , and σ z are the x, y, and z Pauli operators, the cavity Hamiltonian is H B = ωa † a, where a † (a) is the creation (annihilation) operator of the cavity mode, and H I = λ(σ + ⊗ a + σ − ⊗ a † ) describes the atom-cavity interaction. For simplicity, we assume that ω 0 = ω and that the initial state of the total atom-cavity system is in a correlated state |ψ(0) = r 1 |e, 0 + r 2 |g, 1 , where both r 1 and r 2 are real numbers. Following the steps of the derivation of equation (7) we obtain (see the Supplementary Information)
where ω 0 , γ χ 1 , and γ χ 2 are given in the Supplementary Information. We emphasize that this equation is in the ULL form and is valid even when there are initial system-bath correlations.
Derivation of a Markovian equation.-Based on our general dynamical equation where system-bath correlations are fully incorporated, we can obtain simpler expressions for the case where the correlations are small. This approach is valid, e.g., in the vicinity of time instants at which the correlations vanish or become negligible. In such cases, we can simplify our ULL master equation into a Markovian Lindblad-like (MLL) master equation in which jump rates are positive-as expected from a Markovian dynamics 8 . Below, we show that this equation correctly characterizes the universal quadratic short-time behavior of the system dynamics; whereas the standard Lindblad master equation in general fails to capture this 16, 17 . We assume that at τ 0 the correlation vanishes. Without loss of generality we take τ 0 = 0, thus χ(0) = 0. We allow the correlations to slightly accumulate in the subsequent time steps due to the dynamics. To the first order in the time argument τ , we find that the correlation satisfies equation (3) with
where j ≥ 1. Substituting these expressions into equation (8) the bath covariance matrix becomes
where
Positivity of a implies positivity of the rates γ χ m 0, which is a necessary feature of a Markovian dynamical evolution. To obtain an equation in which there is no dependence on the state of the bath (recall that h χ L (τ ) and c ij (τ ) depend on B (τ )), we also expand B (τ ) around τ 0 = 0 and keep relevant terms up to the first order in τ . Thus we obtain
where subscripts B 0 and S 0 indicate that the averages or covariances are taken with respect to B (0) and S (0) rather than B (τ ) and S (τ ). In equation (10) we have defined H B = H B + H I S0 (see the Supplementary Information for more details). Equation (7)-bearing in mind equation (10)describes the short-time dynamics around a point of vanishing correlation with a Markovian dynamics. We emphasize that this equation is exact up to the first order in τ and it may be applied to describe the exact dynamics of a system for which χ(τ ) remains zero or is repeatedly set to zero at each short time interval 13 . Now by integration of equation (7) in the Markovian regime and keeping the terms up to second order in τ , we obtain the universal short-time behavior as
S (0) and Here EX, MLL, and RF denote, respectively, data from exact, MLL, and Redfield solutions. The inset plot is a zoom-in of the population vs. time for short times for the same value of parameters.
Note that under the above commutativity condition, the shorttime behavior (11) holds in general whether the dynamics is Markovian or not 15, 16 .
Let us demonstrate through another example that the MLL equation can in some cases describe the long-time behavior of the system correctly. In addition, here this equation surpasses the standard Markovian Lindblad equation.
Atom in a bosonic bath.-Let us consider a two-level atom interacting with a many-mode bosonic bath in the thermal state β B = e −β n ωna † n an /Tr[e −β n ωna † n an ] at temperature T = 1/β. Here, a k is the annihilation operator for mode k. The total Hamiltonian reads H SB = ω 0 σ + σ − + n ω n a † n a n − σ x ⊗ O B , (12) where O B = n κ n (a n + a † n ). Assuming that the atom at all times retains only a small correlation with the bath, we conclude that equation (10) 
The exact solution of this example is given in ref. 15 for ω 0 = 0 and under the assumption of an initial thermal state for the bath and an Ohmic spectral density for the couplings of the interaction Hamiltonian, J(ω) = ηω(1 + ω 2 /ω 2 c ) −2 , where ω c is the cutoff frequency and η denotes the coupling strength between the system and the bath. This provides a convenient means of studying the accuracy of equation (14) .
For a comparison between our method, the Redfield equation (an equation which is obtained by applying only the weak-coupling on the exact dynamics 4 ) and the exact solution, see Fig. 2 , where we show the evolution of the excitedstate population. The MLL equation follows the exact solution relatively well, whereas the Redfield equation exhibits a relatively slower decay. For details of the derivation of the Redfield equation and the analysis of the short-time dynamics using the Lindblad-like model and the exact evolution, see the Supplementary Information.
We have shown in this example that the MLL may work well even when applied for longer times. Although at first sight expanding around a point of vanishing correlation may seem equivalent to the Born approximation, we have illustrated that the MLL equation is different from the Redfield equation. In addition, unlike the Redfield equation, the MLL equation always keeps the state positive. In the weak-coupling regime and finite ω 0 , on the other hand, the Redfield equation may correctly exhibit energy decay and thermal excitations absent in the derived MLL. However, an application of milder approximations to the exact ULL than the one carried out here may yield in the future an equation correctly describing both of these phenomena.
Conclusion.-To sum up, we have shown how the correlation picture approach enables analyses of the impact of correlations on the decoherence and dissipation mechanisms in the evolution of the open quantum systems. We anticipate a wide range of applications of our theory from quantum thermodynamics to quantum computation. In particular, the approach may help to understand whether and how quantum systems thermalize, and it may shed light on the role of correlations in quantum algorithms and the robustness of quantum error correction against correlated noise mechanisms.
Since ξi and λ (i) j are positive numbers and P0 is a positivesemidefinite matrix, for equation (18) to hold it is needed that P0(τ ) |e (i) j , f (k) l SB = 0. Hence, it is seen that applying P0(τ ) on equation (17) 
Replacing H SB = H S + H B + HI and the following identities: 
into equation (19) yieldṡ (22) and replacing that into equation (21) 
To go one step further, we expand Hχ in terms of the same basis
and replace it into equation (23) 
Here aij and bij for i, j ≥ 1 are the elements of the Hermitian matrices defined below equation (8) . Elements of the bath covariance matrix c for i, j ∈ {0, · · · , d 2 S − 1} are given in equation (8) . The only remaining step to obtain the final form of equation (7) is to diagonalize a = [aij] i =0,j =0 , such that V aV † = Γ, where Γ is a diagonal matrix with diagonal elements γ χ m as the eigenvalues of a.
Thus the bath covariances are obtained as c10 = c20 = 0, c11 = c22 = λ(−2ir1r2 + α1α2)/(2α 2 1 − 2), and c12 = −c21 = λ(2r1r2α1 + iα2) 2(1 − α 2 1 )
.
(B3)
After obtaining a and b and diagonalizing a, we obtain h χ L (τ ) = − r1r2λ/(α 2 1 − 1)I + 4λr1r2α1/ 1 + 4r 2 1 − 4r 4 1 − (α 2 1 − α 2 2 ) σz; (B4)
Replacing these into the equation (7) of the main text, dynamical equation of the system is obtained in the ULL form. 
Thus from equation (24) of the main text we conclude that for j = 0, B χ j = τ (Bj − Bj B ). Hence from equation (8) 
The above equation depends on the instantaneous state of the bath, which makes it intractable as a system dynamical equation. To write it as an equation which depends only on the state of the system, we note that equation (C9) is valid up to the second order in time around
